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1 INTRODUCTION

Geospatial (maps) technologies underlie a broad spectrum of modern mobile applications. For
example, consumer-facing navigation applications (such as Google Maps and Waze) provide recom-
mended routes along with associated times, as well as turn-by-turn navigation along those routes.
Geospatial technologies are also the foundation of decision systems for ride-sharing (such as Uber,
Lyft, Didi Chuxing and Ola) and delivery platforms (such as UberEats and Doordash). For ex-
ample, riders on these platforms are presented with expected pickup time and time to destination,
and drivers are provided with turn-by-turn navigation. Matching and pricing decisions on these
platforms also heavily rely on mapping inputs to optimize for efficiency and reliability (Yan et al.,
2020).

An important geospatial technology is prediction of the time required for a driver (or biker,
or pedestrian) to travel a particular route in the road network. Two general classes of approaches
have been proposed for this travel time prediction problem: (1) approaches based on predicting
traffic and travel time at the level of road segments and turns, and aggregating across the route
(“segment-based approaches”); and (2) approaches that use generic information about the origin,
destination, and route to predict the travel time (“route-based approaches”). Both of these methods
leverage location data traces from past vehicle trips in the road network, typically gathered (with
permission) from users of the particular application, such as a consumer-facing navigation service.

Though many variations of the these methods have been proposed in the literature and in
practice, there has been no rigorous theoretical comparison of the accuracy of these two approaches.
Empirical studies have in many cases drawn opposite conclusions. To fill this gap, we conduct first
theoretical analyses comparing these two classes of methods in terms of their predictive accuracy
as a function of the training data sample size (the statistical efficiency).

Summary of Contributions and Results

e Modeling. We introduce a modeling framework for the travel time estimation problem.
This framework uses general priors on mean travel times and allows arbitrary road network
and spatial correlation structure among segment travel times, and thus lays a theoretical
foundation for analyzing the accuracy of different travel time estimation methods. Under
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this framework, we formally define a family of segment-based estimators and route-based
estimators that resemble many practical estimators proposed in the literature and used in
practice. Furthermore, we explicitly characterize the optimal estimators within each family
in terms of minimizing integrated risks based on squared error loss.

e Finite Sample Analysis. Under any amount of samples, when segment travel times are
non-negatively correlated spatially within the route, we show that the integrated risk (based
on squared error loss) of the optimal segment-based estimator is always lower than that of a
special case of the optimal route-based estimator where one is only allowed to use historical
trips that traverse the exact same route as the predicting route. We show that the non-
negative correlation assumption, though being not quite restrictive in practice, is necessary
for the result to hold.

e Asymptotic Analysis. To achieve more general results regarding their comparison, we
extend our analysis to an asymptotic setting where the number of trip observations grows
as the size of the road network increases and trip observations are sampled randomly from a
generic route distribution. We give conditions under which a large family of simple segment-
based estimators can deliver integrated risk of smaller order than that of the optimal route-
based estimator when the road network size is large enough. This family of estimators only
requires information of the prior means of segment travel times and encompasses popular
estimators used in practice. Intuitively, the conditions require that data accumulates faster
on each segment of the route than on “similar” routes in a defined neighborhood of the
predicting route times the length of the predicting route (number of segments on the route).
We show that such conditions hold naturally in a grid network when considering a route-based
estimator that uses all historical routes that are similar in origin and destination to those of
the predicting route. We also give explicit rates of the integrated risk of this family of simple
segment-based estimators as the grid size grows.

2 Brief Overview of Model and Analysis

We give a brief overview of our model, analysis, and two of the key results. Note that many results
are omitted or presented in a simplified way due to page limit, the complete set of results can be
found at https://arxiv.org/abs/2112.09993.

We consider a setting where we are given IV historical trips on an arbitrary road network (V,S)
where V is a vertex set and S is an edge (road segment) set. Let yq,...,yn be the routes for
each trip. Let [N] denote the set {1,---, N}. Each route consists of a sequence of road segments
s € §. Note that road segment here is defined generally that could include a segment along with
a particular direction of traversing that segment and a following turn direction. To simplify the
notation, we use Y[y := {¥n}nef1,..,n}- Let T s be the travel time on segment s € yy, for the nth

observed trip. We give the following assumption regarding the generative process of T}, s.

Assumption 1 We make the following assumptions about T, s,

1. For the n'h trip, {T} s}sey, are drawn from a distribution with means {0s}sey, and covari-
ances {Ost s tey,, where o5 = GE 18 the variance of the travel time on segment s.
2. For anyn # n' and any s € yn,t € yp, Tns and T,y are independent conditional on 0, 6;.

3. {0s}ses are drawn independently from a distribution with population mean 6 and variance 72.

We first consider a family of segment-based estimators. Intuitively, this family of estimators

uses segment-level traversal data to estimate mean segment travel times and then aggregate over
all the segments on a route to obtain an estimate for the mean route travel time. One typical way
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of estimating mean segment travel time is by solving a regularized regression (e.g., ridge regression)
problem: ming >, .o, (0s—Tp.s)? 4+ A(Bs—6)? where A > 0 is a regularization parameter that helps
to “shrink” the estimate towards the prior mean 6 if there is not much traversal data on segment s.
Let Ns := [{yn : 8 € yn,n € [N]}| denote the sample size of traversals on segment s. It is not hard
to check that 04 here has a closed form: 6, = (A/(A + Ny))0 + (No/(A + Ns))(Xn.seyn Tn,s/Ns)-
Generalizing this observation, we now define a family of segment-based estimators ééseg).

Definition 1 (SEGMENT-BASED ESTIMATOR) A segment-based estimator takes the form

Seg Z 037

s€y

. Tns
9 (1_¢8( ))‘9+¢5( S)M

Ny ’
for some ¢s(Ns) : Z>o — R such that ¢5(0) = 0 and define ¢5(0)/0 =0, for all s € y.

In other words, @g(jseg) is the summation of segment-level estimators 6, that are constructed
using a weighted average of the sample mean and the population mean of the prior distribution,
where the weight is sample size dependent. One would typically expect the weights {¢s(Ns)}sey €
[0,1] to converge to 1 as the sample size N, grows to infinity. Such behavior ensures consistency
of the estimator, though this is not required for our analysis. The aforementioned estimator based
on ridge regression takes the form of ¢s(Ns) = Ng/(\ + Ns). Another example of such ¢5(Ny) is
the Bayes estimator ¢s(Ns) = 72Ns/(72Ns + 02) when the segment travel times are independently
distributed, i.e., o5t = 0,Vs # t (see e.g., Gelman et al. (2013)). Note that one could also consider
a more general family of segment-based estimators that uses traversal data on other road segments
in S other than s to predict és, e.g., the Bayes estimator under the general correlation structure.
Here we are going to put a disadvantage to the segment-based estimator by excluding such options
in Definition 1. In other words, the accuracy of the segment-based estimators we analyze can be
considered as upper bounds. Importantly, from a practical point of view, such simplification of
segment-based estimators is also aligned with industry practice of implementing segment-based
methods (Derrow-Pinion et al., 2021).

We then consider a family of route-based estimators which uses route-level traversal data to
estimate the travel time on a new route y. Denote §(y) C Y] as a subset of historical routes
which represents the neighbor of route y. For example, §(y) can be historical routes that share
the same or similar origin and destination (but possibly with different sequence of segments) as
y. These neighboring routes are representative observations to estimate travel time on route y.
Let Ms,) = Egzl 1{yn € 0(y)} be the sample size of traversals within route y’s neighborhood,
and |y| be the number of segments traversed on route y. Similar to the segment-based estimator,

one can consider an estimator @y by solving the ridge regression problem: minéy Zn:yn c 6(y)(é)y —
> seyn Inys)+ )\( —|y|@)? where A > 0 is a regularization parameter. The estimator will shrink to
the prior mean of the travel time on route y, |y|0, if there is not much traversal data in d(y). Again,
O, has a closed form: ©, = (A/(A+M5(y)))|y|9+(Ma(y)/()\+M6(y)))(Zn:yneé(y) > seyn Ins/Mis(y))-

This motivates the following formal definition of route-based estimators.

Definition 2 (ROUTE-BASED ESTIMATOR) A route-based estimator takes the form

Zn:yn €46(y) ZsEyn T”’s

M ’

(Z)g(fou'ﬁe) = (1= oy (Ms()))yl0 + &y (Msy)) )
Yy

for some ¢y (Mjsy)) : Z>0 = R such that ¢,(0) =0 and define ¢,(0)/0 = 0.

Our first main result investigates the comparison of the two optimal estimators @ *(5¢8) and

éy(route) under a special case where d(y) is chosen to be the set of historical routes that are exactly
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the same as y, i.e., 8(y) = {yn : yn = y}. The optimal estimator minimizes the integrated risk

of the estimator ©,, defined as R <éy ‘ y[N]> =K [(éy - @y>2

Y N]} . Minimizing the integrated

risk is equivalent to minimizing the predictive mean squared error, which is often used in evaluating
various predictive models in practice.

For any route y, when the covariances of the segment travel times within the route are non-
negative, og > 0,Vs # t € y, we prove that the optimal segment-based estimator é;(seg) always has
a weakly lower integrated risk based on squared loss compared to that of the optimal route-based
estimator é;(route).

Theorem 1 When §(y) = {yn : yn = y}, for any route y such that o5 > 0 for all s #t € y, and
any historical routes y(nj, the integrated risk of the optimal segment-based estimator is at least as
low as that of the optimal route-based estimator:

yW]) :

R (éz(seg) ’ y[N}) <R (éz(route)

We then give our main asymptotic result. We compare a large family of simple segment-based
estimator (:)éieg) to the optimal route-based estimator é;}()route) with a sequence of routes {yp}pen
within a growing network of size p and growing sample size N. The family of simple segment-based
estimators only requires information of the prior means of segment travel times and encompasses
popular estimators used in practice. We give conditions under which the segment-based estimator
is more accurate when the size of the road network gets larger. The key quantities determining the
efficiency of estimators are the rates at which training data accumulates on particular road segments
and on particular routes. We denote the probability that a specific road segment s is traversed by
a randomly generated route Y ~ i as g5 := P[s € Y]. Similarly, we define g5, := P[Y € d(y)] as
the probability that a particular route within a neighborhood §(y) is sampled.

Theorem 2 Under the data-rich regime with Ngs(,,) = w(1), if limp oo maxsey, |Yplgs(y,)/qs =
1 —

0 then any segment-based estimator with ¢s(Ns) = O(1/v/Ns) for all road segments in yp,

dominates the optimal route-based estimator:
R (65°%)
phj& Ax(route)
ROy,

An alternative sufficient condition is that both lim, . maxsey, Q5(yp)/q5 =0 and oy > 0,Vs,t €
Yp, Vp € N.

=0.

Under the data-scarce regime Ngs(,, ) = O(1), the route-based estimator is always inconsistent.
However, it may hold that mingey, Nqs = w(|yp|), in which case any segment-based estimator with
¢s(Ns) =1 —=0(1/+/Ns) for all road segments in y, is consistent.

We show that the conditions in Theorem 2 hold naturally in a grid network. In summary,
we recommend the use of segment-based approaches if one has to make a choice between the two
methods. Our work highlights that the accuracy of travel time prediction is driven not just by the
sophistication of the model, but also the spatial granularity at which those methods are applied.
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